Abstract: A graph G is (1, 0)-colorable if its vertex set can be partitioned into subsets V 1 and V 0 so that in G[V 1 ] every vertex has degree at most 1, while G[V 0 ] is edgeless. We prove that every graph with maximum average degree at most 12 5 is (1, 0)-colorable. In particular, every planar graph with girth at least 12 is (1, 0)-colorable. On the other hand, we construct graphs with the maximum average degree arbitrarily close (from above) to 12 5 which are not (1, 0)-colorable. In fact, we prove a stronger result by establishing the best possible sufficient condition for the (1, 0)-colorability of a graph G in terms of the minimum, Ms(G), of 6|V (A)| − 5|E(A)| over all subgraphs A of G. Namely, every graph G with Ms(G) ≥ −2 is proved to be (1, 0)-colorable, and we construct an infinite series of non-(1, 0)-colorable graphs G with Ms(G) = −3.
Introduction
The proper and d-improper colorings have been widely studied. In particular, it was shown by Appel and Haken [1, 2] that every planar graph is 4-colorable, i.e. (0, 0, 0, 0)-colorable. Cowen, Cowen, and Woodall [3] proved that every planar graph is 2-improperly 3-colorable, i.e. (2,2,2)-colorable. This latter result was extended by Havet and Sereni [4] to sparse graphs that are not necessarily planar: For every k ≥ 0, every graph G with mad(G) < 4k+4 k+2 is k-improperly 2-colorable, i.e. (k, k)-colorable.
Recall that mad(G) = max

2|E(H)|
|V (H)| , H ⊆ G is the maximum average degree over the subgraphs of G. The girth g(G) of G is the length of a shortest cycle in G. The degree of a vertex v will be denoted by d(v).
The problem of (0, 0)-coloring is simple, since the odd cycle C 2n−1 has mad(C 2n−1 ) = 2 and is not (0, 0)-colorable, whereas, on the other hand, if mad(G) < 2, then G has no cycles, and so G is bipartite, i.e., (0, 0)-colorable.
In this paper, we focus on the (1, 0)-coloring of a graph, i.e. partitioning the vertices of a graph into subsets V 1 and V 0 so that every vertex in V 1 is adjacent to at most one vertex in Glebov and Zambalaeva in [5] proved that every planar graph G with g(G) ≥ 16 is (1, 0)-colorable. This was strengthened by Borodin and Ivanova [6] by proving that every graph G with mad(G) < For each integer k ≥ 2, Borodin et al. [7] proved that every graph G with mad(G)
is (k, 0)-colorable and, on the other hand, for all k ≥ 2 constructed non-(k, 0)-colorable graphs with mad arbitrarily close to As proved in [7] , there exist non-(1, 0)-colorable planar graphs with girth 7. Along with Corollary 1, this leads to the following Problem 1. Find the smallest natural number g such that every planar graph with girth at least g is (1, 0)-colorable.
Now consider a refinement of the parameter mad(G) for graphs G with mad(G) close to is equivalent to Ms(G) ≥ 0.
We prove Theorem 1 in the following stronger form:
Theorem 2. Each graph G with Ms(G) ≥ −2 is (1, 0)-colorable, and there are infinitely many non-(1, 0)-colorable graphs G with Ms(G) = −3.
Proving the Sharpness of Restrictions in Theorems 1 and 2
We now construct non-(1, 0)-colorable graphs G p with Ms(G p ) = −3 for all p ≥ 1 and with mad(G p ) tending to 12 5 as p grows. Let p ≥ 1 be an integer. Let G p be the graph obtained from p independent 3-cycles x i y i z i , where 1 ≤ i ≤ p, by adding paths y i y i x i+1 x i+1 , where d(y i ) = d(x i+1 ) = 2 whenever 1 ≤ i ≤ p − 1, followed by adding 3-cycles x 1 x 1 x 1 and y p y p y p , where d( Fig. 1 Fig. 1 . The graph G 3 .
The following simple observation is useful: Claim 1. In every (1, 0)-coloring of the 3-cycle C 3 , precisely two vertices are colored with 1. In particular, each vertex in C 3 has a neighbor in it colored with 1.
Suppose that G p has a (1, 0)-coloring c. Since x 1 belongs to two 3-cycles, we have c(x 1 ) = 0 by Claim 1. But then c(y 1 ) = c(z 1 ) = 1, which implies that c(y 1 ) = 0, and hence c(x 2 ) = 1. As x 2 x 2 ∈ E(G p ), it follows by Claim 1 that x 2 has a neighbor colored with 1 in {y 2 , z 2 }, so that c(x 2 ) = 0. Repeating this argument, we see that c(x 3 ) = · · · = c(x p ) = 0, and so c(y p ) = c(z p ) = 1; but y p has another neighbor colored with 1 in {y p , y p }; a contradiction.
Finally, it is easy to check that
.
Proving the Main Statement in Theorem 2
A By a (k 1 , k 2 , . . . , k t )-vertex we mean a t-vertex that is incident with k 1 -,k 2 -, . . . , k t -paths.
A 3-cycle is special if it has at least two 2-vertices. We say that a graph G is smaller than a graph G if either |V (G)| < |V (G )| or |V (G)| = |V (G )| and G has more special 3-cycles than G .
Let G be a smallest counterexample to Theorem 2. Clearly, G is connected and has no pendant vertices. Since G = C 3 , each special 3-cycle in G actually has precisely two 2-vertices.
Structural properties of the minimum counterexample.
Note that the butterfly graph BF , which consists of two special triangles xyz and xy z with vertex x in common, has ρ(BF ) = 6 × 5 − 5 × 6 = 0. It is not hard to check that every proper subgraph H of BF has ρ(H ) > 0, so that Ms(BF ) = 0. Indeed, since −2 ≤ ρ(H) ≤ 0, we have |E(H)| = 6. As the complete graph K 4 has ρ(K 4 ) = −6, our H does not contain K 4 . So, among the possible H = BF we have only the complete bipartite graph K 2,3 , the 5-cycle with a chord, and K 4 − e with a pendant vertex (attached to K 4 − e in one of two possible ways). Besides, a special 3-cycle in G cannot have only one vertex outside H, since such a vertex had to be adjacent to more than one vertex of H, while a special 3-cycle in G having at most one vertex in H is special in G * , too. On the other hand, G * has a special 3-cycle that does not belong to G. Thus G * is smaller than G.
We prove now that
Suppose that A * ⊆ G * and ρ(A * ) ≤ −3. Let B = V (A * ) − H * , H = V (A * ) ∩ H * , and let e * edges join B to H . Then
For G := G[B ∪ H] we similarly obtain
since each edge joining B to H in G * corresponds to an edge joining B to H in G.
Thus (1) is proved.
Since G * is smaller than G, it follows by (1) that there is a (1, 0)-coloring c * of G * . Note that c * (h 0 ) = 0, since h 0 belongs to two 3-cycles. Hence, all neighbors of h 0 , including h 1 and h 1 , are colored with 1 in c * , while all neighbors of h 1 , except h 1 , are colored with 0. Thus, the restriction of c * to G * \ {h 0 , h 1 } combined with the coloring c 0 yields a (1, 0)-coloring of G.
Lemma 2. If 2-vertices x and y in G are adjacent, then there is a 3-cycle xyz.
Proof. Suppose that there is a 2-path wxyz, where w = z and d(x) = d(y) = 2. Let a graph G * be obtained from G by deleting the edge yz and adding the edge wy. As G * has more special 3-cycles than G (due to the presence of the 3-cycle wxy), G * is smaller than G.
If Ms(G * ) ≥ −2, then due to the minimality of G, graph G So, Ms(G * ) ≤ −3, which means that G * has a subgraph A * with ρ(A * ) ≤ −3. This can happen only if {w, x, y} ⊂ V (A * ) (since ρ(A * \ {x, y}) ≥ −2, and each pendant vertex contributes 6 × 1 − 5 × 1 = 1 to ρ(A * )).
Thus we are done unless there is a subgraph A in G = G \ {x, y} such that
Note that z / ∈ G , since otherwise the subgraph A + of G on the vertex set V (A) ∪ {x, y} has ρ(A + ) = ρ(A)+6×2−5×3 ≤ −3, which is impossible. By Lemma 1, either A is the butterfly graph or |V (A)| ≤ 4.
By symmetry, z must also belong to a certain subgraph B of G such that ρ(B) ≤ 0 and V (B) ∩ {w, z} = {z}, with the same properties as A. Proof. Suppose that a 3-vertex x lies in a special 3-cycle xyz and is adjacent to a vertex w / ∈ {y, z}. Take a (1, 0)-coloring of G \ {x, y, z}, color x other than w, and then it is easy to color y and z. Let the initial charge of each vertex v of G be equal to μ(v) = 5d(v) − 12, and let the final charge μ * (v) be determined by the following rule:
R1. Every 2-vertex that belongs to a 1-path P gets charge 1 from each of the ends of P , while each 2-vertex that belongs to a special triangle gets charge 2 from the neighbor vertex of degree greater than 2.
If d(v) = 2, then μ * (v) = 0 by R1.
